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Historical introduction

The origin of the min-max ideas goes back to Birkhoff, who proved that any 2-sphere admits
a closed geodesic (1918).
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Historical introduction

The origin of the min-max ideas goes back to Birkhoff, who proved that any 2-sphere admits
a closed geodesic (1918).

In the 80's, Almgren and Pitts extended this result, proving that any closed n-manifold,
3 < n <7, admits a closed, embedded minimal hypersurface.

A less technical but deeper proof was obtained later by Simon and Smith for the case n = 3.

Apart from minimal constructions, min-max arguments have been used in other contexts, like
te proof of the Willmore conjecture by Marques and Neves, constructions of CMC and PMC
surfaces, free boundary and capillary problems...
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An intuitive idea of Birkhoff's theorem

Given a 2-sphere, we sweep it out by a family of closed
curves 7, t € [0, 1].
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An intuitive idea of Birkhoff's theorem

Given a 2-sphere, we sweep it out by a family of closed
curves 7, t € [0, 1].

We consider deformations #4; of these curves, tightening
them.

Intuitively, the tightened extremal curves will vanish,
while the central one will converge to a geodesic I".
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An intuitive idea of Birkhoff's theorem

Given a 2-sphere, we sweep it out by a family of closed
curves 7, t € [0, 1].

We consider deformations #4; of these curves, tightening
them.

Intuitively, the tightened extremal curves will vanish,
while the central one will converge to a geodesic I".

We expect the length of ' to satisfy

Len(lN) = {;n}ig/\ max Len(7¢),

where A is the set of all deformations of ~;.
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Generalized families of surfaces and saturated sets

A family {X:}ic(0,1), Tt C M, is a generalized family of surfaces (GFS) if:

@ Y, is a surface except for a finite set t € T C [0, 1].

@ There exists a finite set P C M such that X, \ P is a surface for all t € T.
o t i+ H?(X;) is continuous.
o

t — X is continuous in the Hausdorff topology.
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@ Y, is a surface except for a finite set t € T C [0, 1].
@ There exists a finite set P C M such that X, \ P is a surface for all t € T.
o t i+ H?(X;) is continuous.

@ t+— X, is continuous in the Hausdorff topology.

v

Let ¢(t,x) : [0,1] x M — M be an isotopy. If {¥:} is a GFS, then {¢(t,%;)} is also a GFS. )
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Generalized families of surfaces and saturated sets

A family {X:}ic(0,1), Tt C M, is a generalized family of surfaces (GFS) if:
@ Y, is a surface except for a finite set t € T C [0, 1].

@ There exists a finite set P C M such that X, \ P is a surface for all t € T.
o t i+ H?(X;) is continuous.

@ t+— X, is continuous in the Hausdorff topology.

v

Let ¢(t,x) : [0,1] x M — M be an isotopy. If {¥:} is a GFS, then {¢(t,%;)} is also a GFS. )

A collection of GFS'’s A is a saturated set if it is closed under the previous operation.
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Inf max and minimizing sequences

Given {¥;} € A, we define:
F{Z:}) == max H3 (X))
te[0,1]

A) :=inf F = inf (Z
o) =S i 8 M)
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Inf max and minimizing sequences

Given {¥;} € A, we define:

() = max H(T)

A) :=inf F = inf (Z
o) =S i 8 M)

A sequence {¥;}" is minimizing if F({X:}") — mg(A).

A sequence of slices {7 } is a min-max sequence if H?(X7) — mo(N).

To obtain minimal surfaces, we need to find a A such that mg(A) > 0. J
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Constructing an appropriate saturated set

Let f : M — [0,1] be a Morse function on M. Then, the slices >, := f () form a GFS. }
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Constructing an appropriate saturated set

Let f : M — [0,1] be a Morse function on M. Then, the slices >, := f () form a GFS. J

Moreover, if A is the smallest saturated set containing {>.}, mg(A) > 0.

Proof: Given any {I'+} € A, there exists ¢ such that ', = 9(t, X¢).

Let Uy = f~1([0,t)), Vi = 3(t, Ut). The volume Vol(V;) is continuous, and moreover
Vol(Vp) = 0, Vol(V4) = Vol(M).
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Constructing an appropriate saturated set

Let f : M — [0,1] be a Morse function on M. Then, the slices >, := f () form a GFS. J

Moreover, if A is the smallest saturated set containing {>.}, mg(A) > 0.

Proof: Given any {I'+} € A, there exists ¢ such that ', = 9(t, X¢).

Let Uy = f~1([0,t)), Vi = 3(t, Ut). The volume Vol(V;) is continuous, and moreover
Vol(Vp) = 0, Vol(V4) = Vol(M).

In particular, there exists Vi whose volume is Vol(M)/2. By the isoperimetric inequality and
by definition of F({I'+}),
0 < c(M) <HA(Ts) < F({T+}),

and so mg(A) > ¢(M) > 0.
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Theorem [Simon-Smith]

Let M be a closed Riemannian 3-manifold. Given any saturated set A such that mg(A) > 0,

there exists a min-max sequence converging to a embedded minimal surface with area
mg(A) (possibly with multiplicity).
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Theorem [Simon-Smith]

Let M be a closed Riemannian 3-manifold. Given any saturated set A such that mg(A) > 0,
there exists a min-max sequence converging to a embedded minimal surface with area
mg(A) (possibly with multiplicity).

We will define a space with good compactness properties: the space of varifolds.
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Alberto Cerezo Cid (UGR - IMUS) September, 2024



Theorem [Simon-Smith]

Let M be a closed Riemannian 3-manifold. Given any saturated set A such that mg(A) > 0,
there exists a min-max sequence converging to a embedded minimal surface with area
mg(A) (possibly with multiplicity).

We will define a space with good compactness properties: the space of varifolds.
In this space, min-max sequences will have a limit (up to subsequences).

We will find an appropriate min-max sequence converging to a minimal surface.
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Regular surfaces as linear operators

Given a vector space, we define the 2-Grassmannian G(V') as the set of all its linear
subspaces of dimension 2.
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Regular surfaces as linear operators

Given a vector space, we define the 2-Grassmannian G(V') as the set of all its linear
subspaces of dimension 2.

Given an open set U of a manifold M, we define the 2-Grassmannian G(U) of U as the
manifold given by

G(U):= [ 6(TMm).

xelU
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Regular surfaces as linear operators

Given a vector space, we define the 2-Grassmannian G(V') as the set of all its linear
subspaces of dimension 2.

Given an open set U of a manifold M, we define the 2-Grassmannian G(U) of U as the
manifold given by

G(U):= [ 6(TMm).

xelU

Any surface ¥ C U with finite area induces a (non negative) bounded linear operator on
Ce(G(V)):

o(x,7) € C(G(U)) —> /Z o, TX)dH?
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Varifolds: a weak notion of surfaces

We define a varifold V in U as any non-negative bounded linear operator on C.(G(U)). J
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Varifolds: a weak notion of surfaces

We define a varifold V in U as any non-negative bounded linear operator on C.(G(U)).

By Riesz Theorem, we can identify each varifold with a Radon measure such that, given
p € C(G(U)),
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Varifolds: a weak notion of surfaces

We define a varifold V in U as any non-negative bounded linear operator on C.(G(U)).

By Riesz Theorem, we can identify each varifold with a Radon measure such that, given

o€ C(G(V)),
V() = /G 7Y

Moreover, there exists a unique measure || V||, called the mass measure, defined on U, and
such that given ¢ € C.(U),

/ P V() = / p(x)dV (x, 7).
U G(U)
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Varifolds: a weak notion of surfaces

We define a varifold V in U as any non-negative bounded linear operator on C.(G(U)).

By Riesz Theorem, we can identify each varifold with a Radon measure such that, given

o€ C(G(V)),
V() = /G 7Y

Moreover, there exists a unique measure || V||, called the mass measure, defined on U, and
such that given ¢ € C.(U),

/ P V() = / p(x)dV (x, 7).
U G(U)

If X is a surface and Vi is its associated varifold, then || Vx||(U) is the area of X in U.
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The space of varifolds and its compactness properties

We denote by V(U) the set of varifolds in U. )
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The space of varifolds and its compactness properties

We denote by V(U) the set of varifolds in U. )

We endow V(U) with the weak-* topology.
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The space of varifolds and its compactness properties

We denote by V(U) the set of varifolds in U.

We endow V(U) with the weak-* topology.
Let C > 0 be a constant. Then, the set of varifolds given by

{vev() : |Vii(U) < ¢}

is metrizable and compact.
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The space of varifolds and its compactness properties

We denote by V(U) the set of varifolds in U.

We endow V(U) with the weak-* topology.
Let C > 0 be a constant. Then, the set of varifolds given by
{Vev) : [VI(U) < C}

is metrizable and compact. In particular, any sequence of varifolds with uniformly bounded
mass has a convergent subsequence.
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Useful varifold concepts

A varifold V is rectifiable if there is a set S = U;enY;, where X ; are C! surfaces, and a Borel
function h: S — [0, 00) such that

V(p) = /5 h(x)(x, ToS)dH2.

Moreover, we will say that V is integer rectifiable if h(x) is integer-valued.
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Useful varifold concepts

A varifold V is rectifiable if there is a set S = U;enY;, where X ; are C! surfaces, and a Borel
function h: S — [0, 00) such that

V(p) = /5 h(x)(x, ToS)dH2.

Moreover, we will say that V is integer rectifiable if h(x) is integer-valued.

v

Let f: U — U’ be a diffeomorphism and V' € V(U). Then, f induces a varifold £V € V(U').
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Useful varifold concepts

A varifold V is rectifiable if there is a set S = U;enY;, where X ; are C! surfaces, and a Borel
function h: S — [0, 00) such that

V(p) = /5 h(x)(x, ToS)dH2.

Moreover, we will say that V is integer rectifiable if h(x) is integer-valued.

v

Let f: U — U’ be a diffeomorphism and V' € V(U). Then, f induces a varifold £V € V(U').

Given x e M, V € V(U) and p > 0, let T/’; be the dilation of factor p, and define
V= (Tg)# V.
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Useful varifold concepts

A varifold V is rectifiable if there is a set S = U;enY;, where X ; are C! surfaces, and a Borel
function h: S — [0, 00) such that

V(p) = /5 h(x)(x, ToS)dH2.

Moreover, we will say that V is integer rectifiable if h(x) is integer-valued.

v

Let f : U — U’ be a diffeomorphism and V € V(U). Then, f induces a varifold £V € V(U').

Given x e M, V € V(U) and p > 0, let T/’; be the dilation of factor p, and define
V= (T;j)# V. Any limit V' = lim, o V) with p, — oo is a tangent varifold to V' at x.
We denote the set of all these limits by T(x, V).
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Some examples

21

Let {¥,} be a family of spheres that
we flatten.
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Some examples

21

Let {¥,} be a family of spheres that
we flatten.

In the limit, this family converges to
a disk (with multiplicity two).
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Some examples

Let {T,} be a family of simply
connected surfaces converging to a
torus, and {e,} a sequence
converging to 0.
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Let {T,} be a family of simply
connected surfaces converging to a
torus, and {e,} a sequence
converging to 0.

We define the spheres

Y, ={xeR®: d(x,T,) =cn}.
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In the limit, {X,} converge to a
torus with multiplicity 2.
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Some examples

Let {T,} be a family of simply
connected surfaces converging to a
torus, and {e,} a sequence
converging to 0.

We define the spheres
Y, ={xeR®: d(x,T,) =cn}.

In the limit, {X,} converge to a
torus with multiplicity 2. In
particular, genus can be increased.

Alberto Cerezo Cid (UGR - IMUS) September, 2024



Some examples

Let S, C R? be the family of segments below.

NN AAAN ammmannn
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Some examples

Let S, C R? be the family of segments below.

As measures on R?, these segments converge to a horizontal segment with multiplicity v/5!.

NN AAAN ammmannn
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Some examples

Let S, C R? be the family of segments below.
As measures on R?, these segments converge to a horizontal segment with multiplicity v/5!.

However, as varifolds, S, converge to a non-rectifiable varifold.

NN AAAN ammmannn
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First variation and stationary varifolds

Given a vector field x, let ¢, (t, x) be the isotopy generated by Y, i.e., %—f = x(v).
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First variation and stationary varifolds

Given a vector field x, let ¢, (t, x) be the isotopy generated by Y, i.e., %—If = x(v).

We define the first variation of a varifold V w.r.t. x as

V100 = Gt VD], = [ divexavim)

=
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First variation and stationary varifolds

Given a vector field x, let ¢, (t, x) be the isotopy generated by Y, i.e., %—If = x(v).

We define the first variation of a varifold V w.r.t. x as

V100 = Gt VD], = [ divexavim)

t=0

We say that V is stationary if [0V](x) = 0 for every field .
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First variation and stationary varifolds

Given a vector field x, let ¢, (t, x) be the isotopy generated by Y, i.e., %—f = x(v).

We define the first variation of a varifold V w.r.t. x as

=

V100 = Gt VD], = [ divexavim)

We say that V is stationary if [0V](x) = 0 for every field .

Stationary varifolds have several key properties:
o It is not hard for a stationary varifold to be rectifiable.

@ They satisfy some minimal properties: monotonicity formula, a maximum principle...
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Finding stationary varifolds

Let {¥;}" be a minimizing sequence, and consider a certain min-max sequence {¥{ }. Does
this converge to anything?
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Let {¥;}" be a minimizing sequence, and consider a certain min-max sequence {¥{ }. Does
this converge to anything?

By compactness, a subsequence must converge to a certain varifold V with mass mg(A).
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Finding stationary varifolds

Let {¥;}" be a minimizing sequence, and consider a certain min-max sequence {¥{ }. Does
this converge to anything?

By compactness, a subsequence must converge to a certain varifold V with mass mg(A).
However, V' need not be stationary!
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Finding stationary varifolds

Let {¥;}" be a minimizing sequence, and consider a certain min-max sequence {¥{ }. Does
this converge to anything?

By compactness, a subsequence must converge to a certain varifold V with mass mg(A).
However, V' need not be stationary!

Theorem (Pull-tight process)

There exists a minimizing sequence {I';}" such that any min-max sequence {I'] } converges
to a stationary varifold.

Idea of the Theorem: For each varifold we will define an isotopy v¥y/(t, x) such that:
o If V is stationary, then ¢y(t,-) is the identity map.
o Otherwise, V' := (¢y(1,-))4V has strictly less mass than V.
@ The difference between ||V'||(M) and ||V||(M) depends uniformly on the distance

between V and the set of stationary varifolds.
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Pull-tight process

Let X be the set of varifolds with mass less or equal
than 4mgp, which is compact and metrizable.
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Pull-tight process

Let X be the set of varifolds with mass less or equal
than 4mgp, which is compact and metrizable.

Let Vo C X be the (compact) set of stationary
varifolds in X, and

V
Vi i ={V : 2—k+l > AV, V) > 2_k} '
The sets Vi are also compact.
Vo
Vs
Voo
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Pull-tight process

Let X be the set of varifolds with mass less or equal
than 4mgp, which is compact and metrizable.

Let Vo C X be the (compact) set of stationary
varifolds in X, and

Vi={V : 2751 >V, V) > 27K

The sets Vi are also compact.

There exists ¢ = c(k) > 0 such that, for each
V € Vy there exists xy with |[xv| <1 and Vs

[6V]I(xv) < —c(k).
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Pull-tight process

By compactness, we can take a finite set of
varifolds V¥ C V, fields & and balls B(
s.t.:

Vk k Rt PN
RS . T Y
/’\\ \\ /’ \ ~
, FARN .
! Y ’ ° / \
- — : "
k ok K R YU Uy PR SO
o If Ve B(V/, r{), then [6V](x]) < —c(k)/2. N S S
1 Vs A NIy \
AN RV :
R R St N
| [T A Vit
— S i~ -
\ ’ N PN RN
V \)/\/ \\\/ \\<// N
B 2 R N e
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Pull-tight process

By compactness, we can take a finite set of
varifolds V% C V, fields x* and balls B(V¥, rk P

1

s.t.: ! 7T
’ 1
k k k . N 1 I \ . [/ | -
o If Ve B(V/, r{), then [6V](x]) < —c(k)/2. ]}‘L)1V’“ ‘
N AN PN , \\\// .
o B(VE,rk/2) cover Vi. NN A VA TN
. ~L_-70 S
Voot ;
\v/ N \\ ,/ \\\//
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Pull-tight process

By compactness, we can take a finite set of
varifolds VX C Vi, fields xf and balls B(V/, rf
s.t. ’ ,>\’ N /i‘
o If V € B(VK, rk), then [V](x¥) < —c(k)/2.
o B(VK, rk/2) cover V. W &«A»’ vrﬁ \\‘ )
Let ok € C.(B(V¥, rf/2)) be a partition of the A, AN
unit, and define H: X — C®(M, TM) as vQV
H(V) = of (V)X
ik V3
Voo

Notice that H is continuous.
September, 2024 23 /62
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Pull-tight process

There exist constants C = C(k) and a time
T = T(k) such that

IV(T)I(M) < [V (O)[I(M) = C(k)

for every V € Vi, where V(T) is the evolution of
V = V/(0) under the field H(V).

- ~ [
Y -
1 \‘
’ 1
1 1 \ !
. I’ 1 \ vt !
| oem=
= A e A b
~ ,“ ’ ~ N o RS
Vl At s NN Y 4
LAY b3 W7
S -X ! MRS ) N
-1 ! v ' Y P
! ~L_--1 Vs *
o H : Ve ISR
! 1 \ i 1 [ f
\ AY
N <
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Pull-tight process

There exist constants C = C(k) and a time
T = T(k) such that P
IVTIIM) < [[V(0)[I(M) — C(k) T T
P R S B S U I S
\/\,‘ // /\A/\ \\ /, v\'f\ // \\\
for every V € Vi, where V(T) is the evolution of V11 SN
V = V/(0) under the field H(V). RN A e
Now, let {¥:}" be a minimizing sequence. Then, 172“A
we can define a tighter minimizing sequence:
Let '] :=X?(T). Then, the sequence {I';}" is Vs
minimizing and each min-max sequence converges
to a stationary varifold. Vo
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Almost minimizing surfaces

Lete >0, UC M and X C U. We will say that the surface ¥ is e-almost minimizing if there
does not exist any isotopy 9 supported in U such that:

o H2(¢(1,%)) < HA(X) —e.
o H2(4p(t, X)) < H3(X) + § forall t € [0,1].
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Almost minimizing surfaces

Lete >0, UC M and X C U. We will say that the surface ¥ is e-almost minimizing if there
does not exist any isotopy 9 supported in U such that:

o H2((L,T)) < HA(T) — <.
o H2(4(t,T)) < HA(T) + & forall t € [0,1].
A sequence {¥"} is almost minimizing if each £" is £,-almost minimizing, and ¢, — 0.
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Almost minimizing surfaces

Lete >0, UC M and X C U. We will say that the surface ¥ is e-almost minimizing if there
does not exist any isotopy 9 supported in U such that:

o H2((L,T)) < HA(T) — <.
o H2(4(t,T)) < HA(T) + & forall t € [0,1].
A sequence {¥"} is almost minimizing if each £" is £,-almost minimizing, and ¢, — 0.

Let AN (x, r) be the set of annuli centered in x € M with outer radius less than r.

A sequence {¥"} is almost minimizing in small annuli if there exists r : M — (0, c0) such that
{¥"} is almost minimizing in every An € AN (x, r(x)). J
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An example

Consider the following dumbbell.
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An example

Consider the following dumbbell.

The three geodesics could be
deformed to a point, so they are not
minimizing.
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An example

Consider the following dumbbell.

The three geodesics could be
deformed to a point, so they are not
minimizing.

However, the geodesic in the middle
is almost minimizing: in order to

decrease its length, one must increase
it first.
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Why minimizing on annuli?

It is natural to ask why we consider minimization on annuli rather than balls. There are two
reasons for it:

o Singularities: our initial surfaces present point singularities. We can isolate them by
using annuli.
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Why minimizing on annuli?

It is natural to ask why we consider minimization on annuli rather than balls. There are two
reasons for it:

o Singularities: our initial surfaces present point singularities. We can isolate them by
using annuli.

@ The combinatorial regularity proof (given by Almgren-Pitts theory) is not compatible with
balls.
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Why minimizing on annuli?

It is natural to ask why we consider minimization on annuli rather than balls. There are two
reasons for it:

o Singularities: our initial surfaces present point singularities. We can isolate them by
using annuli.

@ The combinatorial regularity proof (given by Almgren-Pitts theory) is not compatible with

ol
G @
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Replacements

Let V be a stationary varifold and U C M. We say that V' is a replacement of V in U if:
e V' is stationary and || V| = ||V']|.
o V=V on M\U.

o ¥ := V'|y is a embedded stable minimal surface with ¥ \ ¥ € 9U.
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Replacements

Let V be a stationary varifold and U C M. We say that V'’ is a replacement of V in U if
e V' is stationary and || V| = ||V']|.
o V=V on M\U.

o ¥ := V'|y is a embedded stable minimal surface with ¥ \ ¥ € 9U.

We say that V' has the good replacement property if:
@ V has a replacement V' in any An € AN (x, r(x)).
@ V/ has a second replacement V" in any An € AN (y, r(y)).
o V" has a third replacement V" in any An € AN (z, r(2)).
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Regularity results

Theorem 1 (GRP implies minimality)

If V' has the good replacement property, then it is an embedded minimal surface.
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Regularity results

Theorem 1 (GRP implies minimality)
If V' has the good replacement property, then it is an embedded minimal surface.

Theorem 2 (Existence of a.m. min-max sequence)

There exists a min-max sequence {¥"} which is almost minimizing in small annuli and
converges to a stationary varifold V.
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Regularity results

Theorem 1 (GRP implies minimality)
If V' has the good replacement property, then it is an embedded minimal surface.

Theorem 2 (Existence of a.m. min-max sequence)

There exists a min-max sequence {¥"} which is almost minimizing in small annuli and
converges to a stationary varifold V. Moreover, given any small annulus An, £"|a, is a
smooth surface for sufficiently large n.
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Regularity results

Theorem 1 (GRP implies minimality)

If V' has the good replacement property, then it is an embedded minimal surface.

Theorem 2 (Existence of a.m. min-max sequence)

There exists a min-max sequence {¥"} which is almost minimizing in small annuli and
converges to a stationary varifold V. Moreover, given any small annulus An, £"|a, is a
smooth surface for sufficiently large n.

Theorem 3 (a.m. min-max sequence has GRP)

The varifold V of the previous Proposition has the good replacement property. In particular,
V is an embedded, minimal surface with area mg(A).
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Talk structure

@ Regularity analysis of limit varifolds
@ Theorem 1: GRP implies minimality
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If V is stationary and admits replacements in small annuli, then it is integer rectifiable.
Moreover, its tangent varifolds are planes.
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If V is stationary and admits replacements in small annuli, then it is integer rectifiable.
Moreover, its tangent varifolds are planes.

To prove rectifiability, we use:
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If V is stationary and admits replacements in small annuli, then it is integer rectifiable.
Moreover, its tangent varifolds are planes.

To prove rectifiability, we use:

Given a stationary varifold V' and r small enough, there exists C > 0 such that
CrY(s) < £Y(t), where s < t < r and

_ IVII(B(x, p))

£/ (p) : o

X
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If V is stationary and admits replacements in small annuli, then it is integer rectifiable.
Moreover, its tangent varifolds are planes.

To prove rectifiability, we use:

Given a stationary varifold V and r small enough, there exists C > 0 such that
CrY(s) < £Y(t), where s < t < r and

£ (p) = LUTC0)

Let V be a stationary varifold and r be less than the convexity radius. Then, for any strictly
convex set K C B = B(x, r) such that ||V||(K) > 0, it holds ||V|[[(B \ K) > 0.
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If V is stationary and admits replacements in small annuli, then it is integer rectifiable.
Moreover, its tangent varifolds are planes.

To prove rectifiability, we use:

Given a stationary varifold V and r small enough, there exists C > 0 such that
CrY(s) < £Y(t), where s < t < r and

£ (p) = LUTC0)

Let V be a stationary varifold and r be less than the convexity radius. Then, for any strictly
convex set K C B = B(x, r) such that ||V||(K) > 0, it holds ||V|[[(B \ K) > 0.

Given a stationary varifold V/, assume that 0(x, V) > 0 ||V|-a.e. where
0(x, V) = lim,_o £,Y(r). Then, V is rectifiable. [GMT, Theorem 8.1.2]

V.
mid = = Ty
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Now we prove that V is integer rectifiable:

Let V be a stationary rectifiable varifold with 0(x, V) > ¢ > 0 for all x € M. Then, any
tangent varifold is a Euclidean stationary rectifiable cone. [GMT, Corollary 8.5.7] J
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Now we prove that V is integer rectifiable:

Let V be a stationary rectifiable varifold with 6(x, V) > ¢ > 0 for all x € M. Then, any
tangent varifold is a Euclidean stationary rectifiable cone. [GMT, Corollary 8.5.7] J

Let V be a stationary rectifiable varifold. Then, 0(x, V) equals the multiplicity function
H2-ae. [GMT, Theorem 8.1.2.] J
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Now we prove that V is integer rectifiable:

Let V be a stationary rectifiable varifold with 0(x, V) > ¢ > 0 for all x € M. Then, any
tangent varifold is a Euclidean stationary rectifiable cone. [GMT, Corollary 8.5.7]

Let V be a stationary rectifiable varifold. Then, 0(x, V) equals the multiplicity function
H2-ae. [GMT, Theorem 8.1.2.]

Let C be a stationary rectifiable Euclidean varifold. Then, £.¢(s) = const. iff C is a cone.
[GMT, Remark 5.6.2.]

Alberto Cerezo Cid (UGR - IMUS) September, 2024 33/62



Now we prove that V is integer rectifiable:

Let V be a stationary rectifiable varifold with 0(x, V) > ¢ > 0 for all x € M. Then, any
tangent varifold is a Euclidean stationary rectifiable cone. [GMT, Corollary 8.5.7]

Let V be a stationary rectifiable varifold. Then, 0(x, V) equals the multiplicity function
H2-ae. [GMT, Theorem 8.1.2.]

Let C be a stationary rectifiable Euclidean varifold. Then, £.¢(s) = const. iff C is a cone.
[GMT, Remark 5.6.2.]

Schoen’s curvature estimate

If {X"} is a sequence of stable minimal surfaces in U C M, then a subsequence converges to a
stable minimal surface X.

Alberto Cerezo Cid (UGR - IMUS) September, 2024 33/62



Replacements of V

If V is stationary and admits replacements in small
annuli, then it is integer rectifiable. Moreover, its
tangent varifolds are planes.
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Replacements of V

If V is stationary and admits replacements in small
annuli, then it is integer rectifiable. Moreover, its
tangent varifolds are planes.

We fix some x € M, p > 0 and consider the annulus
Any = An(x, p,2p).
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Replacements of V

If V is stationary and admits replacements in small
annuli, then it is integer rectifiable. Moreover, its
tangent varifolds are planes.

We fix some x € M, p > 0 and consider the annulus
Any = An(x, p,2p).

We take a good replacement V'’ of V in Any, and
define X/ := V/| 4, .
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Replacements of V

If V is stationary and admits replacements in small
annuli, then it is integer rectifiable. Moreover, its
tangent varifolds are planes.

We fix some x € M, p > 0 and consider the annulus
Any = An(x, p,2p).

We take a good replacement V'’ of V in Any, and
define X/ := V/| 4, .

Given s < p < t < 2p, we consider a further
replacement V" of V' in Any(s) := An(x, s, t), and
Y= V| an,-
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Replacements of V

If V is stationary and admits replacements in small
annuli, then it is integer rectifiable. Moreover, its
tangent varifolds are planes.

We fix some x € M, p > 0 and consider the annulus
Any = An(x, p,2p).

We take a good replacement V'’ of V in Any, and
define X/ := V/| 4, .

Given s < p < t < 2p, we consider a further
replacement V" of V' in Any(s) := An(x, s, t), and
Y= V| an,-
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Replacements of V

If V is stationary and admits replacements in small
annuli, then it is integer rectifiable. Moreover, its
tangent varifolds are planes.

We fix some x € M, p > 0 and consider the annulus
Any = An(x, p,2p).

We take a good replacement V'’ of V in Any, and
define X/ := V/| 4, .

Given s < p < t < 2p, we consider a further
replacement V" of V' in Any(s) := An(x, s, t), and
Y= V| an,-

We have two surfaces >’ and >".
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Replacements of V

If V is stationary and admits replacements in small
annuli, then it is integer rectifiable. Moreover, its
tangent varifolds are planes.

We fix some x € M, p > 0 and consider the annulus
Any = An(x, p,2p).

We take a good replacement V'’ of V in Any, and
define X/ := V/| 4, .

Given s < p < t < 2p, we consider a further
replacement V' of V' in Any(s) := An(x, s, t), and
Y= V| an,-

We have two surfaces ¥’ and >”. Do they
coincide?
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Gluing two minimal surfaces

Let v := %' N OBy, and take t so that >’ meets 9B;
transversally. One can check that V” has a tangent
plane along 7, which must coincide with that of >'.

V//

EH E/
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Gluing two minimal surfaces

Let v := %' N OBy, and take t so that >’ meets 9B; "
transversally. One can check that V” has a tangent 4
plane along 7, which must coincide with that of >'.

From this, we deduce that boundary of > meets ¥’
tangentially.
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Gluing two minimal surfaces

Let v := %' N OBy, and take t so that >’ meets 9B;

transversally. One can check that V” has a tangent v’
plane along 7, which must coincide with that of >'.

From this, we deduce that boundary of > meets ¥’

tangentially. s >/
The stability of > implies better regularity: the Y

limit of the Gauss map vy along ~ coincides with
the Gauss map vy.
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Gluing two minimal surfaces

Let v := %' N OBy, and take t so that >’ meets 9B;
transversally. One can check that V” has a tangent
plane along 7, which must coincide with that of >'.

V//

From this, we deduce that boundary of > meets ¥’

tangentially. u

The stability of > implies better regularity: the Y
limit of the Gauss map vy along ~ coincides with
the Gauss map vy.

By PDE theory, since ¥/, > and their Gauss maps
coincide along v, ¥/ = 3", J
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Let X (=Y =Y".
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Let ¥ := Y’ =Y". By our previous discussion, *
can be extended to any An(x,s,2p), and even to
B*(x, 2p).

2p
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Extending X

Let ¥ := Y’ =Y". By our previous discussion, *
can be extended to any An(x,s,2p), and even to
B*(x,2p). In fact,

Y. coincides with V' in B*(x, p). More specifically, 20
Supp([|VI][) N B*(x, p) = N B*(x, p) J
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Extending X

Let ¥ := Y’ =Y". By our previous discussion, *
can be extended to any An(x,s,2p), and even to
B*(x,2p). In fact,

Y. coincides with V' in B*(x, p). More specifically, 20
Supp([|VI][) N B*(x, p) = N B*(x, p) J

Proof: First, notice that V and V" are integer @
rectifiable.
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Extending X

Let ¥ := Y’ =Y". By our previous discussion, *
can be extended to any An(x,s,2p), and even to
B*(x,2p). In fact,

Y. coincides with V' in B*(x, p). More specifically, J 20

Supp(||V]]) N B*(x,p) = N B*(x,p)

Proof: First, notice that V and V" are integer @
rectifiable.

Let y € Supp(]|V|]) N B*(x, p) s.t. V meets
0B(x, s) transversally, where s := d(x,y).
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Extending X

Let ¥ := Y’ =Y". By our previous discussion, *
can be extended to any An(x,s,2p), and even to
B*(x,2p). In fact,

Y. coincides with V' in B*(x, p). More specifically, 20
Supp([|VI][) N B*(x, p) = N B*(x, p) J

Proof: First, notice that V and V" are integer @
rectifiable.

Let y € Supp(]|V|]) N B*(x, p) s.t. V meets

0B(x, s) transversally, where s := d(x,y). In
particular, there exists a plane 7 € T,M tangent to
V.
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V =X on a punctured ball

Since V = V" in B(x,s), w is tangent to V". \ V"
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V =X on a punctured ball

Since V = V" in B(x,s), w is tangent to V". By v
transversality, this means that 7 is tangent to X!
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V =X on a punctured ball

Since V = V" in B(x,s), 7 is tangent to V”. By v
transversality, this means that 7 is tangent to X!
As a result, y € ¥

The set of points y € Supp(||V||) N B*(x, p)
transversal to OB(x, s) is dense. J
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V =X on a punctured ball

Since V = V" in B(x,s), 7 is tangent to V”. By v
transversality, this means that 7 is tangent to X!
As a result, y € ¥

The set of points y € Supp(||V||) N B*(x, p)
transversal to OB(x, s) is dense. J

We deduce that B Y
Supp(||V|)NB*(x, p) € TNB*(x, p) = TNB*(x, p).
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V =X on a punctured ball

Since V = V" in B(x,s), 7 is tangent to V”. By v
transversality, this means that 7 is tangent to X!
As a result, y € ¥

The set of points y € Supp(||V||) N B*(x, p)
transversal to OB(x, s) is dense. J

We deduce that B Y
Supp(||V[[)NB*(x, p) € TNB*(x, p) = TNB*(x, p).

The reverse inclusion also holds, since
IVI(B*(x, p)) = H3(X).
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V =X on a punctured ball

Since V = V" in B(x,s), m is tangent to V". By
transversality, this means that 7 is tangent to X!
As a result, y € ¥

The set of points y € Supp(||V||) N B*(x, p)
transversal to OB(x, s) is dense. J

We deduce that B
Supp(|[VI)NB*(x, p) € ENB*(x, p) = £NB*(x, p).

The reverse inclusion also holds, since
IVI(B*(x, p)) = H3(X).

As a result, Vg«(x ) = X
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V =X on a punctured ball

Since V = V" in B(x,s), m is tangent to V". By
transversality, this means that 7 is tangent to X!
As a result, y € ¥

The set of points y € Supp(||V||) N B*(x, p)
transversal to OB(x, s) is dense. J

We deduce that B
Supp(|[VI)NB*(x, p) € ENB*(x, p) = £NB*(x, p).

The reverse inclusion also holds, since
IVI(B*(x, p)) = H3(X).

As a result, V|g«(, ) = Z. Now, can we extend X
smoothly to x?
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Smooth extension of X at x

We know that the tangent varifold to V at x is a
plane 7 with multiplicity M.
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Smooth extension of X at x

We know that the tangent varifold to V at x is a
plane 7 with multiplicity M.

Stability shows that near x, there are minimal

by
Lipschitz graphs ¥; and constants m;, 1 <i < N !
with >~ m; = M and
2
> = Z m,-Z,-
near x. Moreover, ¥; are ordered by height. >3
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Smooth extension of X at x

We know that the tangent varifold to V at x is a
plane 7 with multiplicity M.

Stability shows that near x, there are minimal

by
Lipschitz graphs ¥; and constants m;, 1 <i < N !
with >~ m; = M and
2
> = Z m,-Z,-
near x. Moreover, ¥; are ordered by height. >3

By Allard’s regularity Theorem, each X; extends
smoothly to x.
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Smooth extension of X at x

We know that the tangent varifold to V at x is a
plane 7 with multiplicity M.

Stability shows that near x, there are minimal
Lipschitz graphs ¥; and constants m;, 1 <i < N
with >~ m; = M and Y=

> = Zm,{,-

near x. Moreover, ¥; are ordered by height.

By Allard’s regularity Theorem, each X; extends
smoothly to x. By the maximum principle, N =1,
and X is embedded.
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Talk structure

@ Regularity analysis of limit varifolds

@ Theorem 2: Existence of a.m. min-max sequence
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Regularity results

Theorem 1 (GRP implies minimality)

If V' has the good replacement property, then it is an embedded minimal surface.

Theorem 2 (Existence of a.m. min-max sequence)

There exists a min-max sequence {¥"} which is almost minimizing in small annuli and
converges to a stationary varifold V. Moreover, given any small annulus An, £"|a, is a
smooth surface for sufficiently large n.

Theorem 3 (a.m. min-max sequence has GRP)

The varifold V of the previous Proposition has the good replacement property. In particular,
V is an embedded, minimal surface with area mg(A).
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Sketch of the proof

We need to prove that there exists a min-max sequence {¥"} s.t.:
@ It converges to a stationary varifold,
@ For sufficiently small annuli An, ¥"| 4, is a smooth surface,

@ It is almost minimizing in small annuli.
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Sketch of the proof

We need to prove that there exists a min-max sequence {¥"} s.t.:
@ It converges to a stationary varifold,
@ For sufficiently small annuli An, ¥"| 4, is a smooth surface,
@ It is almost minimizing in small annuli.

Sketch of the proof: We will find this almost minimizing min-max sequence in our previous
minimizing sequence, so (1) holds.
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Sketch of the proof

We need to prove that there exists a min-max sequence {¥"} s.t.:
@ It converges to a stationary varifold,
@ For sufficiently small annuli An, ¥"| 4, is a smooth surface,

@ It is almost minimizing in small annuli.

Sketch of the proof: We will find this almost minimizing min-max sequence in our previous
minimizing sequence, so (1) holds.

(2) also holds: we know that each {¥"} is smooth except on a finite set P" = {P}1<j<n. Up
to a subsequence, each P/’ converges to a certain P;.
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Sketch of the proof

We need to prove that there exists a min-max sequence {¥"} s.t.:
@ It converges to a stationary varifold,
@ For sufficiently small annuli An, ¥"| 4, is a smooth surface,

@ It is almost minimizing in small annuli.

Sketch of the proof: We will find this almost minimizing min-max sequence in our previous
minimizing sequence, so (1) holds.

(2) also holds: we know that each {¥"} is smooth except on a finite set P" = {P}1<j<n. Up
to a subsequence, each P/’ converges to a certain P;.

We deduce that there is r = r(x) such that every annulus An with outer radius less than r(x)
does not contain any P; nor P/ for large n.
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Finding an almost minimizing min-max sequence

Let CO be the set of pairs (Ui, Uz) such that

d(Ui, Uz) > 2min{diam(U1), diam(Uz)}.
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Finding an almost minimizing min-max sequence

Let CO be the set of pairs (Ui, Uz) such that
d(Ui, Uz) > 2min{diam(U1), diam(Uz)}.

We will say that ¥ is e-a.m. in (Uj, Us) if it is e-a.m. in one of the two sets.
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Finding an almost minimizing min-max sequence

Let CO be the set of pairs (Ui, Uz) such that
d(Ui, Uz) > 2min{diam(U1), diam(Uz)}.

We will say that ¥ is e-a.m. in (Ui, Us) if it is e-a.m. in one of the two sets. Assume that the
following Proposition holds:

There exists a min-max sequence {¥’} such that ¥t is 1/L-a.m. in every (Ui, Us) € CO J
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Finding an almost minimizing min-max sequence

Let CO be the set of pairs (Ui, Uz) such that
d(Ui, Uz) > 2min{diam(U1), diam(Uz)}.

We will say that ¥ is e-a.m. in (Ui, Us) if it is e-a.m. in one of the two sets. Assume that the
following Proposition holds:

There exists a min-max sequence {¥’} such that ¥t is 1/L-a.m. in every (Ui, Us) € CO ]

Proof of Theorem 2: Consider the pairs (B,(x), M\ Bas(x)). Then, either
o there exists r > 0 s.t. a subsequence {£U)} is 1/L-a.m. in B,(x) for all x,

o There is a subsequence {XL0U)}, ri — 0 and x; — x™ such that Y0 is 1/L-a.m. in
M\ Br,(xj).
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Finding an almost minimizing min-max sequence

Let CO be the set of pairs (Ui, Uz) such that
d(Ui, Uz) > 2min{diam(U1), diam(Uz)}.

We will say that ¥ is e-a.m. in (Ui, Us) if it is e-a.m. in one of the two sets. Assume that the
following Proposition holds:

There exists a min-max sequence {¥’} such that ¥t is 1/L-a.m. in every (Ui, Us) € CO ]

Proof of Theorem 2: Consider the pairs (B,(x), M\ Bas(x)). Then, either
o there exists r > 0 s.t. a subsequence {X:0)} is 1/L-a.m. in B,(x) for all x,

o There is a subsequence {XL0U)}, ri — 0 and x; — x™ such that Y0 is 1/L-a.m. in
M\ Br,(xj).

In any of the cases, we obtain a min max subsequence {X:0)} which is a.m. in small annuli.
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Proof of the Proposition

Let L € N, and

Ky:={t€[0,1] : H*(X]) > mo(A) —1/L}.
H(SF)
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Proof of the Proposition

Let L € N, and

Ky:={t€[0,1] : H*(X]) > mo(A) —1/L}.

H*(SF)

If for some n> L, t € K,,, £ is 1/L-a.m., then
yL.= Y.

K,
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Proof of the Proposition

Let L € N, and

Ky:={t€[0,1] : H*(X]) > mo(A) —1/L}.
H(E)
If for some n> L, t € K,,, £ is 1/L-a.m., then
YL := Y7 Otherwise, we argue by contradiction: for
sufficiently large n, every X7, t € K, is not 1/L-a.m. in
some (U], V) € CO.

K,
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Proof of the Proposition

Let L € N, and

Ky:={t€[0,1] : H*(X]) > mo(A) —1/L}.
H(E)
If for some n> L, t € K,,, £ is 1/L-a.m., then
YL := Y7 Otherwise, we argue by contradiction: for
sufficiently large n, every X7, t € K, is not 1/L-a.m. in
some (U], V) € CO.

We can find at least two isotopies ¢y and 1y which
decrease the area of X7 with small increase in the
process.

K,
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Proof of the Proposition

Let L € N, and
Ko = {t €[0,1] : H*(Z7) > mo(A) — 1/L}.

If for some n> L, t € K,,, £ is 1/L-a.m., then

YL := Y7 Otherwise, we argue by contradiction: for
sufficiently large n, every X7, t € K, is not 1/L-a.m. in
some (U], V) € CO.

We can find at least two isotopies ¢y and 1y which
decrease the area of X7 with small increase in the
process.

By continuity, these isotopies also decrease the area of
Y7 for s in a neighbourhood / of t.
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Proof of the Proposition

Let L € N, and
Ko = {t €[0,1] : H*(Z7) > mo(A) — 1/L}.

If for some n> L, t € K,,, £ is 1/L-a.m., then

YL := Y7 Otherwise, we argue by contradiction: for
sufficiently large n, every X7, t € K, is not 1/L-a.m. in
some (U], V) € CO.

We can find at least two isotopies ¢y and 1y which
decrease the area of X7 with small increase in the
process.

By continuity, these isotopies also decrease the area of
Y7 for s in a neighbourhood / of t.

Idea: apply one of the isotopies 9y, Yy along /.
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Proof of the Proposition

Now, we take a finite cover {/;}1<j<n of K, by some of
these intervals, each associated with an isotopy (7, -)
supported in U;.
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Proof of the Proposition

Now, we take a finite cover {/;}1<j<n of K, by some of
these intervals, each associated with an isotopy (7, -)
supported in U;. We can find a cover s.t.:

o [Nl =@ unless |j — k| = 1.
@ The sets U;, Uj;1 are disjoint if /; N /;11 overlap.
e For all t € Kj,, one of the n;(t) is 1.
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Proof of the Proposition

Now, we take a finite cover {/;}1<j<n of K, by some of

these intervals, each associated with an isotopy 1;(7;, -)
supported in U;. We can find a cover s.t.:

o [Nl =@ unless |j — k| = 1.
@ The sets U;, Uj;1 are disjoint if /; N /;11 overlap.
e For all t € Kj,, one of the 7;(t) is 1.

Ky
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Proof of the Proposition

Now, we take a finite cover {/;}1<j<n of K, by some of
these intervals, each associated with an isotopy 1;(7;, -)
supported in U;. We can find a cover s.t.:

o [Nl =@ unless |j — k| = 1.
@ The sets U;, Uj;1 are disjoint if /; N /;11 overlap.
e For all t € Kj,, one of the 7;(t) is 1.

After applying the isotopies ¥(n;(t),-) to {X7}, we
obtain a new family '} satisfying:

FUM) < FUZ™) —1/2L.

K,
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Proof of the Proposition

Now, we take a finite cover {/;}1<j<n of K, by some of
these intervals, each associated with an isotopy 1;(7;, -)
supported in U;. We can find a cover s.t.:

o [Nl =@ unless |j — k| = 1.
@ The sets U;, Uj;1 are disjoint if /; N /;11 overlap.
e For all t € Kj,, one of the 7;(t) is 1.

After applying the isotopies ¥(n;(t),-) to {X7}, we
obtain a new family '} satisfying:

FUM) < FUZ™) —1/2L.

Ky

In particular, lim, F({T'7}) < mo(A) —1/2L!
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Talk structure

@ Regularity analysis of limit varifolds

@ Theorem 3: a.m. min-max sequence has GRP
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Regularity results

Theorem 1 (GRP implies minimality)

If V' has the good replacement property, then it is an embedded minimal surface.

Theorem 2 (Existence of a.m. min-max sequence)

There exists a min-max sequence {¥"} which is almost minimizing in small annuli and
converges to a stationary varifold V. Moreover, given any small annulus An, £"|a, is a
smooth surface for sufficiently large n.

Theorem 3 (a.m. min-max sequence has GRP)

The varifold V of the previous Proposition has the good replacement property. In particular,
V is an embedded, minimal surface with area mg(A).
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Preliminary definitions and results

Let Z be a set of smooth isotopies on M and ¥ be a surface. We say that {/*(1,X)} C T is
minimizing for (X,Z) if

lim #2((1, E)) = inf H*(4(1, X)),
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Preliminary definitions and results

Let Z be a set of smooth isotopies on M and ¥ be a surface. We say that {/*(1,X)} C T is
minimizing for (X,7) if

lim #2((1, E)) = inf H*(4(1, X)),

Given U C M and an embedded surface ¥, we define:
@ Js(U): the set of all smooth isotopies supported in U.
o Js;(U) := {¢ € Is(U) : H*(¢(t,X)) < H*(X) + 5}
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Preliminary definitions and results

Let Z be a set of smooth isotopies on M and ¥ be a surface. We say that {/*(1,X)} C T is
minimizing for (X,7) if

lim #2((1, E)) = inf H*(4(1, X)),

Given U C M and an embedded surface ¥, we define:
@ Js(U): the set of all smooth isotopies supported in U.
o Js;(U) := {¢ € Is(U) : H*(¢(t,X)) < H*(X) + 5}

Theorem (Meeks-Simon-Yau)

Let {=*} C Js(U) be minimizing and converging to a varifold V. Then, V| is an stable,
embedded, minimal surface.
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Proof of Theorem 3

Let {¥/} be the a.m. min-max sequence obtained in Theorem 2, which converges to a
stationary varifold V.
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Proof of Theorem 3

Let {¥/} be the a.m. min-max sequence obtained in Theorem 2, which converges to a
stationary varifold V. Assume that the Lemma B and Proposition hold:

Let An € AN (x, r(x)) be a small annulus. For each j, let {¥/**}* be minimizing for

(3/,73s5;(An)) and converging to a varifold V/. Then, V7|4, is a stable, embedded, minimal
surface.

Any limit V* of a subsequence of {V/} is a replacement for V in An. J
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Proof of Theorem 3

Let {¥/} be the a.m. min-max sequence obtained in Theorem 2, which converges to a
stationary varifold V. Assume that the Lemma B and Proposition hold:

Let An € AN (x, r(x)) be a small annulus. For each j, let {¥/**}* be minimizing for
(3/,73s5;(An)) and converging to a varifold V/. Then, V7|4, is a stable, embedded, minimal
surface.

Any limit V* of a subsequence of {V/} is a replacement for V in An. )

Proof of Theorem 3: we will prove that V satisfies the good replacement property.
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Proof of Theorem 3

Let {¥/} be the a.m. min-max sequence obtained in Theorem 2, which converges to a
stationary varifold V. Assume that the Lemma B and Proposition hold:

Let An € AN (x, r(x)) be a small annulus. For each j, let {¥/**}* be minimizing for
(3/,73s5;(An)) and converging to a varifold V/. Then, V7|4, is a stable, embedded, minimal
surface.

Any limit V* of a subsequence of {V/} is a replacement for V in An. )

Proof of Theorem 3: we will prove that V satisfies the good replacement property. By the
previous Proposition, V* is a replacement in An.
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Proof of Theorem 3

Let {¥/} be the a.m. min-max sequence obtained in Theorem 2, which converges to a
stationary varifold V. Assume that the Lemma B and Proposition hold:

Let An € AN (x, r(x)) be a small annulus. For each j, let {¥/**}* be minimizing for
(3/,73s5;(An)) and converging to a varifold V/. Then, V7|4, is a stable, embedded, minimal

surface.

Any limit V* of a subsequence of {V/} is a replacement for V in An. )

Proof of Theorem 3: we will prove that V satisfies the good replacement property. By the
previous Proposition, V* is a replacement in An.

We can define a diagonal sequence {ijk(j)} which is almost minimizing and converges to the
stationary varifold V*.
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Proof of Theorem 3

Let {¥/} be the a.m. min-max sequence obtained in Theorem 2, which converges to a
stationary varifold V. Assume that the Lemma B and Proposition hold:

Let An € AN (x, r(x)) be a small annulus. For each j, let {¥/**}* be minimizing for
(3/,73s5;(An)) and converging to a varifold V/. Then, V7|4, is a stable, embedded, minimal
surface.

Any limit V* of a subsequence of {V/} is a replacement for V in An. )

Proof of Theorem 3: we will prove that V satisfies the good replacement property. By the
previous Proposition, V* is a replacement in An.

We can define a diagonal sequence {fok(j)} which is almost minimizing and converges to the
stationary varifold V*. We apply again the Lemma B and Proposition to construct a further
replacement V**,

Alberto Cerezo Cid (UGR - IMUS) September, 2024 48 /62



Proof of Theorem 3

Let {¥/} be the a.m. min-max sequence obtained in Theorem 2, which converges to a
stationary varifold V. Assume that the Lemma B and Proposition hold:

Let An € AN (x, r(x)) be a small annulus. For each j, let {¥/**}* be minimizing for
(3/,73s5;(An)) and converging to a varifold V/. Then, V7|4, is a stable, embedded, minimal
surface.

Any limit V* of a subsequence of {V/} is a replacement for V in An. )

Proof of Theorem 3: we will prove that V satisfies the good replacement property. By the
previous Proposition, V* is a replacement in An.

We can define a diagonal sequence {fok(j)} which is almost minimizing and converges to the
stationary varifold V*. We apply again the Lemma B and Proposition to construct a further
replacement V**. lterating the argument, we find a third replacement V***.
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Proof of the Proposition

We assume Lemma B:

Let An € AN (x, r(x)) be a small annulus. For each j, let {3/**}* be minimizing for

(3/,7s5;(An)) and converging to a varifold V/. Then, V/|4, is a stable, embedded, minimal
surface.
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Proof of the Proposition

We assume Lemma B:

Let An € AN (x, r(x)) be a small annulus. For each j, let {3/**}* be minimizing for

(3/,7s5;(An)) and converging to a varifold V/. Then, V/|4, is a stable, embedded, minimal
surface.

Proof of the Proposition: we show that V* = lim; VJ is a replacement for V in An, that is:
o V¥=Vin M\ An:
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Proof of the Proposition

We assume Lemma B:

Let An € AN (x, r(x)) be a small annulus. For each j, let {3/**}* be minimizing for

(3/,7s5;(An)) and converging to a varifold V/. Then, V/|4, is a stable, embedded, minimal
surface.

Proof of the Proposition: we show that V* = lim; VJ is a replacement for V in An, that is:
o V*=Vin M\ An: true, since \V/ = V outside An.
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Proof of the Proposition

We assume Lemma B:

Let An € AN (x, r(x)) be a small annulus. For each j, let {3/**}* be minimizing for

(3/,7s5;(An)) and converging to a varifold V/. Then, V/|4, is a stable, embedded, minimal
surface.

Proof of the Proposition: we show that V* = lim; VJ is a replacement for V in An, that is:
o V*=Vin M\ An: true, since VV/ = V outside An.
@ V*|a, is stable, embedded and minimal:
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Proof of the Proposition

We assume Lemma B:

Let An € AN (x, r(x)) be a small annulus. For each j, let {3/**}* be minimizing for

(3/,7s5;(An)) and converging to a varifold V/. Then, V/|4, is a stable, embedded, minimal
surface.

Proof of the Proposition: we show that V* = lim; VJ is a replacement for V in An, that is:
o V*=Vin M\ An: true, since \V/ = V outside An.

o V*|4, is stable, embedded and minimal: true, since the V7|4, are (Schoen's estimate).
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Proof of the Proposition

We assume Lemma B:

Let An € AN (x, r(x)) be a small annulus. For each j, let {3/**}* be minimizing for

(3/,7s5;(An)) and converging to a varifold V/. Then, V/|4, is a stable, embedded, minimal
surface.

Proof of the Proposition: we show that V* = lim; VJ is a replacement for V in An, that is:
o V*=Vin M\ An: true, since VV/ = V outside An.
o V*|4, is stable, embedded and minimal: true, since the V7|4, are (Schoen's estimate).
o V][ = [V
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Proof of the Proposition

We assume Lemma B:

Let An € AN (x, r(x)) be a small annulus. For each j, let {3/**}* be minimizing for

(3/,7s5;(An)) and converging to a varifold V/. Then, V/|4, is a stable, embedded, minimal
surface.

Proof of the Proposition: we show that V* = lim; VJ is a replacement for V in An, that is:
o V*=Vin M\ An: true, since \V/ = V outside An.
o V*|4, is stable, embedded and minimal: true, since the V7|4, are (Schoen's estimate).
o VI =[V*]: 2 is 1/j—a.m., so [|[V¥]| = lim; [ V/]| > lim; H*(Z/) — 1/j = ||V].
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Proof of the Proposition

We assume Lemma B:

Let An € AN (x, r(x)) be a small annulus. For each j, let {3/**}* be minimizing for

(3/,7s5;(An)) and converging to a varifold V/. Then, V/|4, is a stable, embedded, minimal
surface.

Proof of the Proposition: we show that V* = lim; VJ is a replacement for V in An, that is:
o V*=Vin M\ An: true, since \V/ = V outside An.
o V*|4, is stable, embedded and minimal: true, since the V7|4, are (Schoen's estimate).
o V]| = V*]: s 1/j—a.m., so |[V*] = lim; | V]| > lim; H2(EF) — 1/j = || V]I
e V* is stationary:
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Proof of the Proposition

We assume Lemma B:

Let An € AN (x, r(x)) be a small annulus. For each j, let {3/**}* be minimizing for

(3/,7s5;(An)) and converging to a varifold V/. Then, V/|4, is a stable, embedded, minimal
surface.

Proof of the Proposition: we show that V* = lim; VJ is a replacement for V in An, that is:
o V*=Vin M\ An: true, since \V/ = V outside An.

V*|an is stable, embedded and minimal: true, since the V|4, are (Schoen's estimate).

IVIF= [Vl s 1/j—a.m., so [V*]| = lim; | V]| > lim; HA(Z) = 1/j = | V]].

V* is stationary: Otherwise, one can prove that ¥/ cannot be 1/j-almost minimizing for j
big enough.
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Proof of Lemma B

Fix j, and let V' := VJ be the limit of ¥* := ¥/ We want to prove that V|, is a stable,
embedded, minimal surface. The proof is based on

Let x € An and k large enough. There exists € > 0 s.t. any isotopy ¢ € Js(B-(x)) can be
achieved via an isotopy ® € Js;(Bo.(x)). J

Proof of Lemma B: we show that V/ is a minimal surface using replacements.
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Proof of Lemma B

Fix j, and let V' := VJ be the limit of ¥* := ¥/ We want to prove that V|, is a stable,
embedded, minimal surface. The proof is based on

Let x € An and k large enough. There exists € > 0 s.t. any isotopy ¢ € Js(B-(x)) can be
achieved via an isotopy ® € Js;(Bo.(x)). J

Proof of Lemma B: we show that V/ is a minimal surface using replacements.

Let An* € AN (x,¢) and {Z*'} be minimizing for Js(An*).
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Proof of Lemma B

Fix j, and let V' := VJ be the limit of ¥* := ¥/ We want to prove that V|, is a stable,
embedded, minimal surface. The proof is based on

Let x € An and k large enough. There exists € > 0 s.t. any isotopy ¢ € Js(B-(x)) can be
achieved via an isotopy ® € Js;(Bo.(x)). J

Proof of Lemma B: we show that V/ is a minimal surface using replacements.

Let An* € AN (x,¢) and {ZX/} be minimizing for J5(An*). By [MSY], the limit Wk is
minimal in An*,
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Proof of Lemma B

Fix j, and let V' := VJ be the limit of ¥* := ¥/ We want to prove that V|, is a stable,
embedded, minimal surface. The proof is based on

Let x € An and k large enough. There exists € > 0 s.t. any isotopy ¢ € Js(B-(x)) can be
achieved via an isotopy ® € Js;(Bo.(x)). J

Proof of Lemma B: we show that V/ is a minimal surface using replacements.

Let An* € AN (x,¢) and {ZX/} be minimizing for J5(An*). By [MSY], the limit Wk is
minimal in An*, and so is W = lim, Wk.
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Proof of Lemma B

Fix j, and let V' := VJ be the limit of ¥* := ¥/ We want to prove that V|, is a stable,
embedded, minimal surface. The proof is based on

Let x € An and k large enough. There exists € > 0 s.t. any isotopy ¢ € Js(B-(x)) can be
achieved via an isotopy ® € Js;(Bo.(x)). J

Proof of Lemma B: we show that V/ is a minimal surface using replacements.

Let An* € AN (x,¢) and {ZX/} be minimizing for J5(An*). By [MSY], the limit Wk is
minimal in An*, and so is W = lim, Wk. By , =K/ belong to Js;(Bae).
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Proof of Lemma B

Fix j, and let V' := VJ be the limit of ¥* := ¥/ We want to prove that V|, is a stable,
embedded, minimal surface. The proof is based on

Let x € An and k large enough. There exists € > 0 s.t. any isotopy ¢ € Js(B-(x)) can be
achieved via an isotopy ® € Js;(Bo.(x)). J

Proof of Lemma B: we show that V/ is a minimal surface using replacements.

Let An* € AN (x,¢) and {ZX/} be minimizing for J5(An*). By [MSY], the limit Wk is
minimal in An*, and so is W = lim;, W¥. By , X! belong to Js;(Bs.). We deduce
that W is a replacement for V.
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Proof of Lemma B

Fix j, and let V' := VJ be the limit of ¥* := ¥/ We want to prove that V|, is a stable,
embedded, minimal surface. The proof is based on

Let x € An and k large enough. There exists € > 0 s.t. any isotopy ¢ € Js(B-(x)) can be
achieved via an isotopy ® € Js;(Bo.(x)). J

Proof of Lemma B: we show that V/ is a minimal surface using replacements.

Let An* € AN (x,¢) and {ZX/} be minimizing for J5(An*). By [MSY], the limit Wk is
minimal in An*, and so is W = lim;, W¥. By , X! belong to Js;(Bs.). We deduce
that W is a replacement for V.

We can now define a diagonal sequence {X%/(K)1k converging to W. Applying , we
obtain a second replacement.
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Proof of Lemma B

Fix j, and let V' := VJ be the limit of ¥* := ¥/ We want to prove that V|, is a stable,
embedded, minimal surface. The proof is based on

Let x € An and k large enough. There exists € > 0 s.t. any isotopy ¢ € Js(B-(x)) can be
achieved via an isotopy ® € Js;(Bo.(x)). J

Proof of Lemma B: we show that V/ is a minimal surface using replacements.

Let An* € AN (x,¢) and {ZX/} be minimizing for J5(An*). By [MSY], the limit Wk is
minimal in An*, and so is W = lim;, W¥. By , X! belong to Js;(Bs.). We deduce
that W is a replacement for V.

We can now define a diagonal sequence {X%/(K)1k converging to W. Applying , we
obtain a second replacement. Iterating this process, we deduce the good replacement property.
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Proof of Lemma A

Let x € An and k large enough. There exists € > 0
s.t. any isotopy ¢ € Js(B-(x)) can be achieved via
an isotopy ¢ € Js;(Bo.(x)).
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Proof of Lemma A

Let x € An and k large enough. There exists € > 0
s.t. any isotopy ¢ € Js(B-(x)) can be achieved via
an isotopy ¢ € Js;(Bo.(x)).

Proof: Let 9(t, x) be an isotopy which squeezes
the ball B:(x) in By:(x) with scale factor (1 — t).

September, 2024
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Proof of Lemma A

Let x € An and k large enough. There exists € > 0
s.t. any isotopy ¢ € Js(B-(x)) can be achieved via
an isotopy ¢ € Js;(Bo.(x)).

Proof: Let 9(t, x) be an isotopy which squeezes
the ball B:(x) in By:(x) with scale factor (1 — t).

For large enough k, we can find a certain (t, x)
satisfying

H2(Y(t, £5)) < HA(ZF) + Ce2.
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Proof of Lemma A

Now, given ¢ € Js(B:(x)), let ® be the isotopy
which applies this process:
e First, it squeezes B. via ¥ (t, x) up to a certain
factor (1 — tp).
@ Then, it applies the isotopy ¢ on the squeezed
ball B(l—to)E(X)'
e Finally, it enlarges B.(x) by applying (¢, x)
reversely.
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Proof of Lemma A

Now, given ¢ € Js(B:(x)), let ® be the isotopy
which applies this process:
e First, it squeezes B. via ¥ (t, x) up to a certain
factor (1 — tp).
@ Then, it applies the isotopy ¢ on the squeezed
ball B(l—to)s(x)'
e Finally, it enlarges B.(x) by applying (¢, x)
reversely.

(1, x) = ®(1, x). Moreover, if ty is sufficiently
close to 1, ®(t, x) € Js;(Ba-(x)). J
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Regularity results

Theorem 1 (GRP implies minimality)

If V' has the good replacement property, then it is an embedded minimal surface.

Theorem 2 (Existence of a.m. min-max sequence)

There exists a min-max sequence {¥"} which is almost minimizing in small annuli and
converges to a stationary varifold V. Moreover, given any small annulus An, £"|a, is a
smooth surface for sufficiently large n.

Theorem 3 (a.m. min-max sequence has GRP)

The varifold V of the previous Proposition has the good replacement property. In particular,
V is an embedded, minimal surface with area mg(A).
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Genus bounds in Simon-Smith min-max theory

A Heegaard surface in a compact oriented manifold M is a closed orientable surface such
that M \ X consists of two open genus g handlebodies. J
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Genus bounds in Simon-Smith min-max theory

A Heegaard surface in a compact oriented manifold M is a closed orientable surface such
that M \ X consists of two open genus g handlebodies.

J

Idea: to construct sweepouts by using Heegaard surfaces.
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Genus bounds in Simon-Smith min-max theory

A Heegaard surface in a compact oriented manifold M is a closed orientable surface such
that M \ X consists of two open genus g handlebodies. J

Idea: to construct sweepouts by using Heegaard surfaces.

A Heegaard sweepout is a family {X;}.c[o 1) of closed subsets of M such that:
@ t+— X, is continuous in the Hausdorff topology.
e For t € (0,1), ¢ is a smooth Heegaard surface.
@ Y, varies smoothly for t € (0,1).
o

> and ¥; are 1-d graphs which correspond to the spines of the handlebodies determined
by the Heegaard surfaces.
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Genus bounds in Simon-Smith min-max theory

Theorem (Ketover)

Let M be a oriented 3-manifold admitting a genus g Heegaard surface. Then, there exists
some min-max sequence {X/} converging as varifolds to I := ZJ- n;l;, where ['; are pairwise
disjoint, embedded, minimal surfaces. Moreover, it holds

Z"ig( an(g )—1)<g,

i€O IEN

where O (resp. N) is the set of orientable (resp. non-orientable) surfaces.
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Genus bounds in Simon-Smith min-max theory

Theorem (Ketover)

Let M be a oriented 3-manifold admitting a genus g Heegaard surface. Then, there exists
some min-max sequence {X/} converging as varifolds to I := ZJ- n;l;, where ['; are pairwise
disjoint, embedded, minimal surfaces. Moreover, it holds

Z"ig( an(g )—1)<g,

i€O IEN

where O (resp. N) is the set of orientable (resp. non-orientable) surfaces.

As a direct corollary,

Theorem (Simon-Smith)

Every 3-sphere admits an embedded, minimal 2-sphere.
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Equivariant min-max theory

Suppose M admits a finite isometry group G. Does there exist a G-equivariant minimal
surface?
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Equivariant min-max theory

Suppose M admits a finite isometry group G. Does there exist a G-equivariant minimal
surface?

If G is free, then the quotient M/G is a compact manifold.
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Equivariant min-max theory

Suppose M admits a finite isometry group G. Does there exist a G-equivariant minimal
surface?

If G is free, then the quotient M/G is a compact manifold. )

Let G be a finite, orientation-preserving isometry group and x € M. We define the isotropy
subgroup G, of x as

Gy :={ge G : g(x)=x}

Moreover, we define the singular locus S of G as

S ={xeM: G #{e}}.
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Equivariant min-max theory

Suppose M admits a finite isometry group G. Does there exist a G-equivariant minimal
surface?

If G is free, then the quotient M/G is a compact manifold. )

Let G be a finite, orientation-preserving isometry group and x € M. We define the isotropy
subgroup G, of x as

Gy :={ge G : g(x)=x}

Moreover, we define the singular locus S of G as

S ={xeM: G #{e}}.

S can be expressed as a graph S := Sp LI 81, where S7 are geodesics whose endpoints belong
to Sp.
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Equivariant min-max theory

Let us consider a G-equivariant sweepout of genus g. What can we expect applying min-max?
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Equivariant min-max theory

Let us consider a G-equivariant sweepout of genus g. What can we expect applying min-max?

Theorem (Ketover)

Let M be a closed oriented 3-manifold and G be a finite group of orientation-preserving
isometries on M. Given a G-sweepout by surfaces of genus g, there exists an embedded,
minimal G-equivariant surface I' =} n;l’;.
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Equivariant min-max theory

Let us consider a G-equivariant sweepout of genus g. What can we expect applying min-max?

Theorem (Ketover)

Let M be a closed oriented 3-manifold and G be a finite group of orientation-preserving
isometries on M. Given a G-sweepout by surfaces of genus g, there exists an embedded,
minimal G-equivariant surface I' =} n;l’;.

Moreover, the following properties hold:
@ The same genus bounds as in the previous Theorem.
o If xe S NT and G, # Zo, then T intersects S; orthogonally at x.

o If, however, G, = Z», the intersection may also be tangent. In that case, I' contains the
geodesic of constant isotropy passing through x.

o [ can only intersect Sp at a point with isotropy group ID,. In that case, I contains 2n
arcs of isotropy Z.
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Equivariant free boundary min-max theory

Suppose now that M has boundary. Can we apply min-max in this context?

Alberto Cerezo Cid (UGR - IMUS) September, 2024



Equivariant free boundary min-max theory

Suppose now that M has boundary. Can we apply min-max in this context?

De Lellis - Ramic, Li: We can, provided that M is smooth.
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Equivariant free boundary min-max theory

Suppose now that M has boundary. Can we apply min-max in this context?

De Lellis - Ramic, Li: We can, provided that M is smooth.

Theorem (Ketover)

Let B3 be the unit ball in Euclidean space. Given a G-sweepout by genus g surfaces, there
exists a free boundary, embedded, minimal surface I' with multiplicity n.
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Equivariant free boundary min-max theory

Suppose now that M has boundary. Can we apply min-max in this context?

De Lellis - Ramic, Li: We can, provided that M is smooth.

Theorem (Ketover)

Let B3 be the unit ball in Euclidean space. Given a G-sweepout by genus g surfaces, there
exists a free boundary, embedded, minimal surface I' with multiplicity n.

Moreover,
@ Genus bound: ng(l') < g.

@ Similar intersection properties with the singular set S.
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Equivariant free boundary min-max theory

Suppose now that M has boundary. Can we apply min-max in this context?

De Lellis - Ramic, Li: We can, provided that M is smooth.

Theorem (Ketover)

Let B3 be the unit ball in Euclidean space. Given a G-sweepout by genus g surfaces, there
exists a free boundary, embedded, minimal surface I' with multiplicity n.

Moreover,
@ Genus bound: ng(l') < g.

@ Similar intersection properties with the singular set S.

What can we say about the boundary components of 7
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Equivariant free boundary min-max theory

Let us assume that M is mean-convex. Then,

Theorem (Franz, Schulz)

Given a G-sweepout by genus g (orientable) surfaces with b boundary components, there
exists a free boundary, embedded, minimal surface ' = 3. nT;.
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Equivariant free boundary min-max theory

Let us assume that M is mean-convex. Then,

Theorem (Franz, Schulz)
Given a G-sweepout by genus g (orientable) surfaces with b boundary components, there
exists a free boundary, embedded, minimal surface ' = 3. nT;.

Moreover, we have the genus bound:

S e+ > (6M) - 1) <g

€0 ieN
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Equivariant free boundary min-max theory

Let us assume that M is mean-convex. Then,

Theorem (Franz, Schulz)

Given a G-sweepout by genus g (orientable) surfaces with b boundary components, there

exists a free boundary, embedded, minimal surface ' = 3. nT;.

Moreover, we have the genus bound:

S e+ > (6M) - 1) <g

icO ieN
Regarding the boundary complexity b := b — 1,

g(M+o(r) <g+b.
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A general existence theorem

Given an open subset Q C M, let us consider the functional
A(Q) = H?(01) + cos(0)H?(02) — cVol(Q),

where 02 = 0€2; U 02, 0 := 02N OM.
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A general existence theorem

Given an open subset Q C M, let us consider the functional
A(Q) = H?(01) + cos(0)H?(02) — cVol(Q),

where 02 = 0€2; U 02, 0 := 02N OM.

In general, critical points of A are capillary, CMC surfaces with H = ¢ and contact angle 6.

Theorem (Li, Zhou, Zhu)

Given any closed oriented manifold M with smooth boundary, ¢ > 0 and € € (0,7 /2], there
exists a capillary, CMC, almost embedded surface with contact angle 6 and H = c.

Note: No genus or boundary component bounds are known for this case.
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